Experiments, numerical simulations, and analytical calculations are used to calibrate a diffuse-interface Cahn-Hilliard model of Li-Sn thin film electrodes that experience a transformation from Sn to Li 2 Sn 5 . It is shown that a concentration-gradient dependent mobility can be used in the Cahn-Hilliard equation to give the interface a finite mobility and capture its nonequilibrium behavior. Comparing experiments and simulations, the free-energy of Li-Sn, diffusivity of Li in Sn and Li 2 Sn 5 , the exchange current density for the surface reaction, and the mobility of the Sn/Li 2 Sn 5 interface are extracted. The implications of finite interface mobility for practical battery electrodes are discussed.
Introduction
Diffusional phase transformations play an important role in many Li-ion battery electrodes. Cathode materials such as LiFePO 4 , Li x CoO 2 , and Li x MnO 4 [1] , and anodes such as graphite, silicon [2, 3] , and tin (Sn) [4] undergo phase transformations upon lithiation and delithiation. The charge-discharge dynamics of a battery depends critically on the nucleation and propagation of the phases. In some materials, stresses developed due to volume change during phase transformation and mismatch strain across the phase boundary are significant and affect transport properties [5, 6] . The stresses can also lead to the degradation and failure of the electrode thus affecting the life of the battery [7, 8] . Interface propagation is accompanied by energy dissipation which limits the efficiency [9] . Thus, a good understanding of these phase transformations using experiments and modeling is imperative in designing better batteries.
Phase-field models have been used widely in studying phase transformation phenomena [10] [11] [12] [13] [14] [15] [16] . In these models [10, 11] , a continuous field variable represents the phase of the material: for example, in the Cahn-Hilliard model [17] , the concentration of the diffusing species is the phase variable. The free-energy is assumed to be a non-convex function of the concentration, so that the system naturally phase-separates. A contribution to the free-energy from the concentration gradient results in the formation of a diffuse phase-boundary between phases. Phase-field models have several advantages. Since the phase variable is continuous, explicit interface tracking is unnecessary. Their variational nature aids the development of stable numerical methods. In addition, Cahn-Hilliard models can also nucleate new phases. −1 is a promising anode material for Li-ion batteries. Li-Sn serves as a canonical system because upon lithiation, it undergoes a series of crystalline-crystalline phase transformations that are reversible [4, [22] [23] [24] [25] . Wen/Huggins [22] showed that the Li-Sn system has six phases at high temperature: LiSn, Li 7 Sn 3 , Li 5 Sn 2 , Li 13 Sn 5 , Li 7 Sn 2 , and Li 22 Sn 5 . Using in-situ XRD, Rhodes et al. [4] identified phases Li 2 Sn 5 , LiSn, and Li 22 Sn 5 during lithiation cycles at room temperature. Many studies have looked at the equilibrium properties of Li-Sn and phase diagrams have been constructed (see [23] [24] [25] and references therein). For example, plateau potentials of the successive phase transformations at 25
• C range from 0.76 V to 0.38 V (against Li/Li + ) [25] . Apart from equilibrium properties, kinetic parameters have also been measured.
The chemical diffusivity of Li in the various phases at 415
• C is of the order of 10 −5 cm 2 sec −1 [26] . At room temperature, diffusivities of 10 −8 − 10 −7 cm 2 sec −1 for Li 0.7 Sn and Li 2. 33 Sn have been reported [27] . Much smaller diffusivities (10 −16 − 10 −14 cm 2 sec −1 ) have been observed for Sn [28] .
Here, we focus on transformations between Sn and Li 2 Sn 5 which are the first two phases to form at room temperature. We measure the in-situ variation of current and voltage in Sn thin film electrodes with Li counter-electrode subjected to lithiation and delithiation (Section 2). Comparing predictions of a Cahn-Hilliard model with experimental observations, we determine the free-energy of Li-Sn as a function of Li concentration, the diffusivity of Li in the first two phases (Sn and Li 2 Sn 5 ), the surface-reaction parameters in the Butler-Volmer equations, and most importantly, the interface mobility (Section 6). As far as we know, these are the first measurements of diffusivity in Li 2 Sn 5 , the surface-reaction rate for the insertion reaction at the electrode/electrolyte interface, and mobility of the Sn-Li 2 Sn 5 interface. The standard Cahn-Hilliard equations predict that the interface has infinite mobility thus ignoring the nonequilibrium interface behaviour which can be important in nanoscale electrodes. Fol-lowing Langer and Sekerka [29] , we show that the Cahn-Hilliard equations can be modified to model interface-limited processes by including a concentration-gradient dependent mobility of Li (Section 3). We show representative examples that elucidate the general behavior of the modified Cahn-Hilliard model (Section 5).
To better understand interface behavior, we find it helpful to study the sharp-interface limit of the Cahn-Hilliard equations. Accordingly, we present results of a perturbation analysis of the modified Cahn-Hilliard equations based on a paper by Langer and Sekerka [29] . We derive a general energy-based sharp-interface model that identifies the fluxes and conjugate forces for dissipative processes in the bulk and at the interface. A comparison with the perturbation analysis results reveals that the kinetic relations for the interface implied by the Cahn-Hilliard equations are a particular special case of a more general class (Section 4). We discuss the implications of interface mobility for the charge/discharge dynamics and energy efficiency of a battery (Section 7).
Experiment
We briefly review the experimental procedure used in this study. The apparatus consists of a Li-ion half-cell with a thin-film Sn working electrode and a Li metal foil counter-electrode as illustrated in Figure 1 . The Sn thin film was deposited on silica quartz wafers (50.8 mm diameter, 450 − 500µm thick, double-sided polished). Prior to film deposition, the silica wafers were cleaned with Acetone, Methonal, Isopropenal and de-ionized (DI) water for 5 minutes each in sequence, followed by drying with compressed nitrogen gas. A 25 nm adhesion Ti layer and 50 nm current-collected Cu layer were deposited on one side of the wafers via physical vapor deposition (PVD) at working pressure below 2 × 10 −6 Torr. Then, a Sn anode layer with thickness between 200 nm and 2µm was electroplated on the Cu layers with a commercial Sn electroplating solution (Solderon SC, produced by Rohm & Haas). Before electroplating, the wafers were etched by 98 % sulfuric acid to remove the native oxide layer on the surface. After the Sn film growth, the samples were cleaned with acetone and DI water in sequence for 5 minutes, and then dried with compressed nitrogen gas. Post sample fabrication, the samples were stored in an Ar-filled glove box, and both moisture and oxygen were below 0.1ppm. A 0.5 mm thick Li foil was used as both counter and reference electrode. The separator was Celgard C480 (Celgard Inc., Charlotte, NC). The electrolyte composition was 1.2 M LiPF6 in EC/DEC with ratio 1:2 (wt. %) (BASF Corp. A6 Series). The electrochemical measurements were done using Multistat 1470E (Solartron Analytical) at room temperature. The apparatus consists of a Li-ion half-cell with a thin-film Sn working electrode on silica quartz wafer substrate and a Li metal foil counter-electrode.
Prior to all experiments, the Sn electrode was first lithiated galvanostatically with C/20 rate from open-circuit potential at 2.75 V to 0.8 V and then the potential was held at 0.8 V for 20 hours to form a stable SEI layer to minimize the influence of the side reactions. We then conducted three kinds of experiments, PITT [30] , Potentiostatic lithiation/delithiation, and Galvanostatic lithiation/delithiation.
PITT was done to study the Sn phase. The potential was decreased from 0.8 V (after SEI growth phase) in steps of 0.02 V till 0.7 V at which the Li 2 Sn 5 phase nucleated (Figure 2a) . In each step, the potential applied was held until the current fell below 0.05 mA g −1 (about C/1800). The transient current evolution following the voltage steps is used to determine the diffusivity and the Butler-Volmer parameter as discussed in detail in Section 6. In addition, the free-energy of Li-Sn as a function of Li concentration was determined from the steady-state voltage-charge measurements.
To determine the exchange current density of Li 2 Sn 5 , the potential was lowered to 0.65 V to nucleate the Li 2 Sn 5 phase and grow it to approximately half the film thickness. The film was then allowed to reach equilibrium. Subsequently, a step voltage change was applied (from the equilibrium voltage) and the transient current was used to determine the Butler-Volmer parameter.
Galvanostatic lithiation/delithiation was used to determine the interface mobility. First, the potential was stepped down from 0.8 V to 0.665 V, sufficiently low to nucleate and grow the Li 2 Sn 5 phase. Then, the film was lithiated/delithiated at currents from C/2500 to C/625 allowing to it equilibriate in between. The plateau potential as a function of the current was used to determine the interface mobility. Figure 2 shows representative current and voltage evolution with time in PITT and Potentiostatic experiments and Table 1 lists details of the various experiments used in the calibration. Table 1 and Section 6) are used to determine the parameters in the Cahn-Hilliard model and compare its predictions. We are interested in modeling the behavior of half-cells with a Li-Sn thin film electrode as illustrated in Figure 3a . We assume infinitely fast transport of Li ions in the electrolyte. The electrode initially consists of the pure Sn phase. Upon the application of an external electrical connection between the electrodes, Li is inserted into the Sn electrode through an electrochemical reaction at the electrode/electrolyte interface. We assume that Sn atoms are immobile and Li atoms diffuse through the film and occupy interstitial positions. When the Li concentration at the electrode surface reaches a critical value, the second phase nucleates and a phase boundary begins propagating through the film. Stresses accompanying lithiation and phase transformations in Li-Sn are of the order of a few MPa and we assume they do not significantly affect Li diffusion or interface propagation [31] . The Li transport, phase nucleation, and interface motion are modeled using a one-dimensional (along the thickness of the film) version of the Cahn-Hilliard equation.
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where c = ρ Li /ρ Sn (ratio of molar densities of Li and Sn), µ is the chemical potential of Li, M is a function that characterizes the mobility of Li, κ is a parameter related to the interface-energy (determines the phase-boundary width), and G 0 (c) is the homogeneous free-energy of Li-Sn. We consider a homogeneous free-energy of the form
where c , µ eq is the equilibrium chemical potential, and W is free-energy curvature at the equilibrium concentrations. The quartic double-well energy has been used in many phase-field studies. The linear term µ eq c is necessary to get the right plateau voltage between the two phases (see Section 6 ). An advantage of this free-energy is that it is amenable to perturbation analysis (Section 4.2). Figure 4 shows the free-energy G 0 (c) and dG 0 /dc for c
The free-energy determines the equilibrium chemical potential, spinodal and metastable regions, and the nucleation potentials for the phase transformations (see [30] for more). We assume the mobility M in Equation 1 to depend on the concentration gradient (see Sections 4 and 5 for more details)
Here, M 0 is the Li mobility in the bulk phase and χ is a parameter that determines the interface mobility. In the bulk, concentration gradients are small, M ≈ M 0 and the chemical diffusivity of Li is given by
2 ) (this can be seen by linearizing the Cahn-Hilliard equation). χ = 0 results in infinite interface mobility while for a nonzero χ, the interface mobility is finite (see Section 5 for details).
To predict the electrochemical response, we need to model the Li insertion reaction, and possibly side-reactions. As a simple preliminary approximation, we ignore side reactions and suppose that the electrode current is related to the over-potential by the Butler-Volmer equation [32] 
where i is the current density, i 0 is the exchange current density, which may be a function of the Li concentration at the surface of the electrode (as well as the Li ion concentration in the electrolyte), α is a phenomenological constant (between 0 and 1, we assume the anodic and cathodic transfer coefficients to be α and 1−α respectively), F is the Faraday constant, R is the universal gas constant, and T is temperature. η = V − U 0 is the overpotential (the difference between the externally applied potential V and the rest potential U 0 ). The rest potential is related to the chemical potential at the surface of the electrode by
where µ θ is a (constant) reference potential (its value depends on the choice of counter-electrode used to define the electric potential). The electrode current I is related to flux J at the electrode/electrolyte interface by I = iA = −Aρ Sn F J, where A is the area of the film.
The remaining boundary conditions are: ∂µ ∂x = 0 at x = H since the flux at the substrate is zero. At the electrode/electrolyte interface x = 0, −M ∂µ ∂x = J. We also assume ∂c ∂x = 0 at x = 0, H.
Sharp-interface model
We find it useful to study the sharp-interface limit of the governing equations 1-3. This reveals the interface behavior and is helpful in finding model parameters from experiments. We start by deriving a general energetic formulation of a sharp-interface model that identifies the kinetic variables and their conjugate forces for diffusion in the bulk and at the interface. Then we present the results of a perturbration analysis of the governing quations 1-3. Comparing the two identifies the kinetic relations for the interface implied by the Cahn-Hilliard equations.
A general sharp-interface model
Consider a thin film of thickness H in which two phases α and β are separated by an interface at x = a ( Figure 3a ). The total energy of the system is given by
where G α and G β are the free-energy densities of the two phases, A is the cross-sectional area, a is the position of the interface, and H is the thickness of the film. We have ignored the surface energy since it does not change with time. Differentiating Equation 6 with respect to
Using µ = dG/dc, ∂c/∂t = −∂j/∂x (where j is the flux) and integrating by parts, we can write this asU
where µ 0 , µ H , j 0 , j H are the chemical potentials and fluxes at x = 0 and x = H respectively. The first two terms capture energy flux at the boundaries, the integral is the dissipation in the bulk due to diffusion, and the rest correspond to dissipation at the interface. The superscripts +/-label states just ahead and behind the interface. The interfacial dissipation iṡ
Using
and the conservation equation
the interfacial dissipation can be written aṡ
This identifies the driving forces conjugate to the average flux and interface velocity (the jump in flux is proportional to the interface velocity). The interface kinetics is defined by prescribing the velocity and average flux as a function of their driving forces. Assuming linear kinetics,
The conditions K 1 > 0, K 2 > 0 ensure that the interfacial dissipation is always positive. At equilibrium, setting the driving forces to zero, we have
At equilibrium, the chemical potential is continuous across the interface and is given by the common tangent rule. For small deviations about equilibrium, linearizing the kinetic relations (Equation 13),
where δµ + , δµ − are the deviations of the chemical potential from their equilibrium value. The average flux at the interface is driven by the jump in the chemical potential while the jump in the flux, which is proportional to the interface velocity, is driven by the sum of the deviations of the chemical potential from equilibrium. The interfacial dissipation for small deviations about equilibrium iṡ
If flux in the bulk is proportional to the chemical potential gradient,
bulk dissipation is always positive. The bulk dissipation iṡ
Perturbation analysis of Cahn-Hilliard equations
With the above general formulation, let us turn our attention back to the Cahn-Hilliard equations. Here, we borrow the results from the perturbation analysis of Langer and Sekerka [32] and refer the reader to that paper for details. Langer and Sekerka studied the nonequilibrium interface behavior for small perturbations about its equilibrium (of equations 1-3). When the interface is at equilibrium, the concentrations at its boundaries reach the equilibrium values c 
where δc − , δc + are the concentration deviations from equilibrium, j − , j + are the fluxes at the interface boundaries, v is the interface velocity, and [c 0 ] is the jump in the equilibrium for small deviations from equilibrium, the above equations can be written as
For small deviations about the equilibrium, δµ = W δc. Using this,
In the sharp-interface limit, one can think of these equations as boundary conditions at the interface. To determine the evolution of the system, the diffusion equations in the bulk have to be solved coupled with the above equations at the interface.
These results allow us to interpret roles of χ and M 0 in Equation 3. If χ = 0, M = M 0 and Equation 1 reduces to the standard Cahn-Hilliard equation; δc +/− = 0, δµ +/− = 0 and in the sharp-interface limit, the interface is always in local equilibrium. For a nonzero χ, δc +/− = 0, δµ +/− = 0 and depend on the velocity and the flux. The number χ thus characterizes the interface-mobility.
Kinetic relations in the Cahn-Hilliard model
From the general model and the perturbation analysis, we can infer the kinetic relations implied by the sharp-interface limit of the Cahn-Hilliard equations. We can write the results of the perturbation analysis (Equations 21) as:
Comparing these with the kinetic relations (Equations 15),
This shows that the Cahn-Hilliard equations are a particular case of a more general class of kinetic laws where K 2 = 3K 1 . Further, for constant kinetic parameter (χ → 0), K 1 , K 2 → ∞ and the interfacial dissipation goes to zero for any finite flux (Equation 16). Thus the standard Cahn-Hilliard formulation implies zero energy dissipation due to interface propagation.
Steady diffusion
Let us consider the case when the lithiation rate is small enough that bulk diffusion is at steady state. The chemical potentials in the bulk on either side of the phase boundary are linear. At the interface, the chemical potentials are given by the perturbation analysis (Equation 21). If µ 0 and µ H are the chemical potentials at x = 0 and x = H, then the fluxes in the bulk are
Flux at the substrate is zero, j + = 0. Using the perturbation analysis solutions (Equation 21 ), µ − = µ eq + δµ − , and the above equations,
This allows us to determine material parameters M 0 and χ from electrochemical experiments. Linearizing the Butler-Volmer equation (see equations 4 and 5) for small currents,
where J the flux at the surface. Using the above two equations,
In a galvanostatic experiment, i is a constant. The voltage V varies linearly with the interface position x int (for given i) and the current i (for given x int ). These can be used to determine the kinetic parameter M 0 and the interface-mobility parameter χ if we know the Butler-Volmer constant i 0 (see Section 6).
Model behavior
Let us now look at a few representative examples that elucidate the general behavior of the modified Cahn-Hilliard model. Using the film thickness H, a typical relaxation time t * = 10 hours (see Figure 2) , and RT to nondimensionalize length, time, and energy respectively, the governing equations take the form
where
Equation 27 after nondimensionalization is
Galvanostatic lithiation
Let us first look at galvanostatic lithiation (see Figure 3a for a schematic of the system). Initially, the Li concentration in the film is uniform (c = 0). We start inserting Li atx = 0 at a constant fluxJ. The concentration gradually increases and when it reaches the (lower) spinodal concentration at the boundaryx = 0, the new phase nucleates. Upon further lithiation, the phase boundary propagates into the film. The concentration profiles just before nucleation and during phase propagation are shown in Figure 5 . During delithiation, the low concentration phase nucleates at the boundaryx = 0. If the applied current is small enough that the concentration atx = 0 does not reach the (higher) spinodal concentration, the existing phase boundary is pulled towardx = 0. 
Potentiostatic lithiation
Potentiostatic lithiation is very useful in determining many material properties such as the freeenergy, diffusivity, and interface-mobility. A representative potentiostatic lithiation simulation is shown in Figure 7 . We start with a thin film in the first phase, the Li concentration is c = 0. We then instantaneously lower the voltage toV =V 1 .
After the voltage step, as we start inserting Li, the concentration and chemical potential increase in the film and the current starts to drop. If the concentration at the boundary reaches the (lower) spinodal concentration (Figure 4) , a new phase nucleates and propagates into the film. Three snapshots of chemical potential in the film during phase propagation are shown in Figure 7a . All the chemical potential drop across the film happens only within the first phase. In particular, the chemical potential is continuous across the phase-boundary and its value there is equal to the equilibrium chemical potential (which is 1 here). This can also be seen from the perturbation analysis (Equation 21) whereχ = 0 =⇒ δμ = 0. This demonstrates that in the standard Cahn-Hilliard model, the interface has infinite mobility and is always in It can be seen that the phase Li Sn is stable over a 2.6 range of potential, including that at which the reaction Li q Si s Li Si takes place, approximately 0.338 V vs.
1.71
Li. Fig. 6 shows a group of charge-discharge experiments at different current densities. It is seen that the electrode potential was determined primarily by the Li-Si reaction, and that the amount of polarization was very small, only about 1 mV per mArcm 2 current. Another important feature that can be readily seen from these experiments is the existence of a nucleation barrier At each end of the plateau, when there was only one phase present, the potential had to be overdriven in order to Ž . nucleate the second product phase when the current wen in the reverse direction. It was clearly shown that if the reaction does not go to completion, and some of the required second phase is already present when the curren The interface is out of equilibrium, the deviation of chemical potential from its equilibrium value acting as the driving force conjugate to interface velocity. With increasingχ, the interface becomes more sluggish, its velocity decreases, and it is pushed more out of equilibrium. 3 ) gives the interface a finite mobility. We repeat the above potentiostatic lithiation simulation but changeχ from 0 to 1. Figure 7b shows again, three snapshots of chemical potential. Comparing with Figure 7a , we observe two things. First, the chemical potential is now discontinuous across the interface. Behind the interface, µ > µ eq while ahead of it µ < µ eq . As we saw earlier, the deviation of the chemical potential from its equilibrium value acts as the driving force conjugate to the interface velocity (Equation 22 ). The magnitude of the potential jump across the phase-boundary decreases during propagation since the current (flux) decreases (Equation 21). Second, asχ increases, lithiation gradually becomes interface limited and the phase propagation velocity decreases. In the limiting caseχ → ∞, the interface is immobile and all the diffusing Li accumulates behind the phase-boundary. Thus,χ = 0 andχ → ∞ are limits of infinite mobility and immobility for the interface. This gives us the ability to model both diffusion-limited and interface-limited processes as opposed to the standard Cahn-Hilliard which can model only diffusion-limited lithiation.
A concentration-gradient dependent Li mobility (nonzeroχ in Equation
There are three timescales: the surface-reaction timescale, the bulk-diffusion timescale, and the interface timescale. Apart from other factors like the film width H, the three are determined by i 0 , M 0 , χ respectively. We now turn our attention to finding these numbers for the Li-Sn system.
Comparison of theory and experiment
We have to determine the following parameters from experiments: the homogeneous freeenergy derivative dG 0 /dc, the Butler-Volmer parameter i 0 , the kinetic parameter M 0 , and the interface-mobility parameter χ. In calibrating these parameters, it is important to determine how much of the measured current in the experiment goes into the electrode and how much goes into SEI formation. To estimate this, we assume that all of the Li in the first 20 hours (during which the potential is held at 0.8 V) goes into SEI and use an exponential fit for the last few hours of current evolution in this period. We assume that subsequent SEI growth follows this decay up to a constant residual value (equal to the residual current we observe in the later stages in our experiments),
where the values of I 0 , t initial depend on the initial time from which the fit is made. t residual is the time at which I 0 e −(t−t initial )/t decay reaches the residual current I residual . Typical value of t decay in our experiments, the decay time for the SEI current, is about 30 hours. The SEI current at the end of 20 hours is of the order of 0.1 µA cm −2 . The residual current I residual observed is about 0.005 µA cm −2 . This is significantly smaller than the currents used in our calibration. From the fit, we calculate the total charge loss to SEI (over the timescale of our experiments) to be about 0.05 C cm −2 which is the same as that reported by Bucci et al. [34] (although that is for Si).
Free-energy
The homogeneous free-energy derivative dG 0 /dc is found from the steady-steady voltage vs charge in a PITT experiment (Figure 2a) . After each voltage step, we allow the current to drop to a prescribed value (0.05 mA g −1 , about C/1800). From the total charge, we calculate the equilibrium Li concentration at this voltage (these are preliminary results, an alternative method would be to let the system go to OCV and use the voltage corresponding to this state. In light of this, the numbers in Table 2 should be regarded only qualitatively. We have not used these numbers in calibrating our free-energy). Table 2 shows the results of such a calculation for the Sn phase. c = 0 and c = 0.4 correspond to pure Sn and the first phase Li 2 Sn 5 . The chemical potential can then be determined by setting the overpotential to zero in the Butler-Volmer equation.
where U θ = 2.75 V is the open-circuit voltage with respect to Li/Li + . The free-energy parameters (Equation 2) are determined to satisfy the following conditions:
• Energy minima (dG 0 /dc = 0) at c = 0 and c = 0.4 since these correspond to stoichiometric phases of Sn and Li 2 Sn 5 (Figure 4a) . The curvatures at these concentrations must be positive since they are energy minima (
• Plateau voltage between the first two phases is 0.75 V.
• The (homogeneous) nucleation voltage for Sn→Li 2 Sn 5 transformation is around 0.7 V. With the first two constraints, the double-well free-energy predicts a nucleation potential significantly larger than that in experiment. Thus, we minimize the nucleation potential (this corresponds to the limiting condition of the
The best-fit parameters based on the above conditions are:
The free-energy derivative based on the above numbers and that determined from experiment are shown in Figure 8 . The double-well energy predicts a nucleation potential about twice as large as that observed in experiment. This suggests that free-energies such as Equation 2, though convenient for analysis, may not be (quantitatively) good in capturing the concentration dependence of the free-energy. Predictive phase-field models require a better way of incorporating free-energy determined from experiments. 
Diffusivity and exchange-current density of Sn
To find the diffusivity D and the exchange-current density i 0 , we use the current evolution after a voltage step (see inset in Figure 2a ) in PITT experiments on films of Sn. We use two different methods, the first using the Cottrell equation [35] and the second based on the paper by Li et al. [36] . The Cottrell solution gives the short-time (Dt/H 2 1) current response following a step change in voltage starting from a uniform initial state assuming that the rate-limiting process is diffusion [36] : (Table 2 ) and using the double-well free-energy (Equations 2 and 36). The double-well predicts a nucleation potential about twice that found in experiment. Outside of nucleation however, the predictions match the experiments well since these are determined by the freeenergy near the equilibrium concentrations (close to c = 0.0346 and c = 0.4853).
where I(t) is the current, Q is the total charge transferred in the voltage step, H is the film thickness, and D is the diffusivity. Thus, this gives us only the diffusivity. Li et al. [36] derive analytical solutions for current evolution considering a finite surface-reaction rate. The short-time (Dt/H 2 1) solution is given by
. From this, we can determine both the diffusivity and the Butler-Volmer parameter i 0 . When the surface-reaction is much faster than diffusion, B 1, Equation 38 reduces to Equation 37. Equations 37 and 38 are used to fit the current evolution after a voltage step during PITT. Figure 9 shows one typical fit for each method. The kinetic parameter M 0 is found from the diffusivity using D = M 0 (d 2 G 0 /dc 2 ) with the free-energy curvature calculated from the steady state voltage vs charge measurements (Table  2) . Table 3 shows values of the diffusivity, M 0 , i 0 from such fits at different voltages (for the Sn phase).
Li et al. based [36] Cottrell based Table 3 : Diffusivity, M 0 and i 0 of Sn using PITT ( Figure 9 ). The two different fitting methods give similar values for diffusivity. The slope of the log-log plot being close to -0.5 suggests lithiation is diffusion limited.
Based on the Cottrell equation 37, the slope in a log-log plot of current vs time must be −0.5. This is the case in Table 3 . The Cottrell solution assumes that the limiting process is diffusion. Table 3 thus suggests that for the Sn phase (Table 3) , diffusion is rate-limiting. [36] . Results of such fits done at different voltages are tabulated in Table 3 . 
We performed an experiment in which we nucleated the Li 2 Sn 5 phase and grew it to approximately half the film thickness, let it reach equilibrium, and lithiated/delithiated at constant current. Figure 10 The determine i 0 and χ, we repeat the galvanostatic lithiation experiments at different currents from C/2500 to C/625 (Figure 11a ). The plateau voltage varies approximately linearly with the current (Figure 11b ). From Equation (33) , the slope of this line is given by,
The effects of i 0 and χ are indistinguishable in the galvanostatic and potentiostatic experiments (see Equations 33 and 40). Thus, from the slope and knowing M 0 and x int (estimated from the total charge), we can determine the possible ranges for i 0 and χ by setting χ = 0 and i 0 → ∞ respectively (Table 4) .
Interface position (7m) (Table 4) .
49.8 0.40 Table 4 : M 0 , i 0 , for Li 2 Sn 5 and χ determined from galvanostatic experiments ( Figure 11 ).
To determine i 0 , we compare experiments and simulations of potentiostatic lithiation starting from an interface at equilibrium. The peak current following a voltage jump depends only on i 0 (Figure 12 ). From this, we get i 0 ≈ 60µA cm −2 . Using this i 0 , we get χ to be 0.07 µm (using Equation (40)). Starting with an interface at equilibrium, we lithiate and delithiate galvanostatically at different currents allowing the film to go back to equilibrium between successive steps. The applied current is shown in Figure 13a and the resulting voltage, in both experiment and simulation, is shown in Figure 13b . Figure 14 : Comparison of current evolution in potentiostatic experiments and simulations three different voltages. The simulations underpredict the peak current following the voltage step due to the fact that a new phase is not nucleated in simulations while the subsequent decay closely matches the experiment. The connection we made in Section 4 between a general sharp-interface model and the sharp limit of our modified Cahn-Hilliard model should be a guide in deriving more general Cahn-Hilliard models. The two nonequilibrium processes at the interface characterized by the constants K 1 and K 2 (Equation 13) correspond to different processes. K 1 relates to the flux of Li through an interface at rest while K 2 is related to interface motion, transforming material ahead of the interface from one phase to another. In the modified Cahn-Hilliard model presented here, the two are related as K 2 = 3K 1 . In general, we do not expect the two to be related in this way.
In the Cahn-Hilliard modeling of Li-ion battery electrode materials, not much attention has been paid to the role of interface behavior. The modified Cahn-Hilliard and its generalizations along with careful experiments should be useful in a wide range of scenarios where interface mobility is important, both within and beyond the study of battery electrodes.
Implications for battery design Rate-limiting process
The three timescales in the modified Cahn-Hilliard model corresponding to bulk diffusion, the interface response, and the surface-reaction are given by:
Depending on the values of the parameters for a particular system, we can determine the rate-limiting step during the charge/discharge process. Equating the diffusion and interface timescales, we get
Thus, for films around and smaller than the size χ, the interface behavior plays an important role in determining the lithiation/delithiation response. Thus, in the design of electrodes of these sizes, one must give interface mobility a careful consideration. Finite interface mobility is likely to be important in other electrode materials that undergo phase transformations.
Interfacial dissipation
Apart from the dynamics of the charge/discharge process, interfacial mobility can be important in deciding the energy efficiency of the battery. Interface propagation is a dissipative process and the energy lost subtracts from the useful energy stored in the battery. For simplicity, let us consider the case when the electrode is being charged/discharged at a constant flux J. Further, assume that the current is small enough that diffusion is at steady state. In this case, the energy dissipation rates due to diffusion and interface propagation are given by Equation (18) with j = J for x in 0 to a and 0 otherwise and Equation (16) with j − = J, j + = 0. Using these,U
In charging/discharging the electrode completely, the interface moves between x = 0 and x = H. The velocity of the interface is given by v = J/∆c 0 . Integrating the above dissipation rate, the total energy dissipated is given by
Equating the two, the interfacial dissipation is as significant as the bulk one when
For the modified Cahn-Hilliard case, this becomes H = χ/3 (see Equation 23 ). For systems with characteristic length scale larger than this, bulk dissipation is important while for smaller systems, the interfacial dissipation is dominant.
Conclusions
In this paper, we used experiments, numerical simulations, and analytical calculations to calibrate a modified Cahn-Hilliard model for Li-Sn thin film electrodes. PITT, Potentiostatic, and Galvanostatic experiments were conducted on Sn thin films measuring transient current and voltage evolution. A modified one-dimensional Cahn-Hilliard equation along with the ButlerVolmer equation for the insertion reaction was used to model the experiments. Comparing model predictions and experiments, we determined the equilibrium and kinetic properties of the Sn and Li 2 Sn 5 phases and their phase boundary. The main conclusions of this study are:
• The standard Cahn-Hilliard model captures the nucleation of phases and diffusion of Li but results in infinite mobility of the phase boundary (Section 5).
• A concentration-gradient dependent kinetic parameter can be used to give the interface a finite mobility and model interface-limited processes. Perturbation analysis of CahnHilliard equations reveals that the kinetic relations implied by them are a particular special case of a more general class. This is useful in developing more general CahnHilliard models that properly capture the interface behavior (Sections 4 and 5).
• Analytical double-well free-energies such as Equation 2 though helpful for analysis and understanding qualitative behavior, can be significantly different from that determined by experiments (Figure 8 ). Predictive phase-field models require a better way of incorporating free-energy determined from experiments.
• M 0 of Sn and Li 2 Sn 5 differ by about 3 orders of magnitude which suggests that M 0 is concentration dependent. (Tables 3 and 5 ). For Sn, this is slightly smaller than that reported in [28] . We know of no diffusivity measurements in Li 2 Sn 5 .
• The exchange current density i 0 for Sn is of the order 10 −7 A cm −2 (Table 3 ) and for Li 2 Sn 5 is of the order 10 −5 A cm −2 ( Table 4) . As far as we know, this is the first measurement of i 0 for Li-Sn. This suggests that for nanometer scale films, insertion reaction will be rate limiting compared to diffusion (for the Li 2 Sn 5 phase).
• The interface-mobility parameter χ (Equation 3 ) for the Sn-Li 2 Sn 5 interface is 0.07 µm (Table 5 ). This is important since in electrodes at length-scales of χ, the interface behavior is rate limiting and contributes significantly to the total energy hysteresis (Section 7.1). This calls a more accurate method of measuring the interface mobility and possibly other ways of characterizing the nonequilibrium interface behavior.
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The element stiffness and residual can be expressed in compact form by writing Combining element degrees of freedom in the usual way yields a standard nonlinear finite element system of equations R(u) = F
which are solved by Newton-Raphson iteration. The correction ∆u k to the degree of freedom vector u at the kth iteration is obtained by solving the linear system
where K and R are determined by assembling the element stiffness and residuals defined above. The Butler-Volmer equation (Equation 4) can be included within the standard finite element framework by adding an additional node to the mesh, which has the voltage V as its degree of freedom; and adding an element to the mesh which connects the voltage node and the node at the surface of the mesh. The element has a generalized force vector 
